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EFFECTS OF COMPRESSIBILITY AND HEAT TRANSFER ON THE
LAMINAR SUBLAYER OF THE TURBULENT BOUNDARY LAYER

By K. R. Czarnecki and William J. Monta
Langley Research Center

SUMMARY

An analytical investigation has been made of the effects of compressibility
and heat transfer on the characteristics of the laminar sublayer. The theoreti-
cal model consisted of a turbulent boundary layer with a logarithmic nondimen-
sional outer velocity distribution that was not affected by compressibility or
heat-transfer effects, and a laminar sublayer that was influenced by these
parameters.

The analysis indicates that at zero heat transfer an increase in Mach num-
ber at constant free-stream Reynolds number per foot causes an increase in the
nondimensional velocities of the sublayer and a rapid increase in the sublayer
thickness. This effect is largest where the local skin-friction coefficient is
highest. Boundary-layer cooling has a strong effect opposite to that of
increasing Mach number. It appears that the laminar sublayer may lie in the
slip-flow regime over a wide range of supersonic Mach numbers.

INTRODUCTION

The concept of a laminar sublayer within a turbulent boundary layer has
proved to be of great value in explaining certain characteristics of turbulent
boundary layers at subsonic speeds. One of these characteristics, which is of
great current interest, is concerned with the behavior of the turbulent skin
friction when surface roughness is present. For example, the concept has been
able to provide a reasonable explanation of the fact that under one set of con-
ditions three-dimensional surface roughness of the sand-grain type had no effect
on the turbulent skin friction, whereas, under another set of conditions the
roughness would cause a large increase in drag. The explanation (ref. 1,

p. 417) was that in the first case the surface roughness was imbedded well
within the laminar sublayer where all flow disturbances were damped out. 1In

the second case, the surface roughness protruded beyond the laminar sublayer
into a region where vortices were shed from the roughness elements with a result-
ant increase in drag.

With the development of refined designs for supersonic aircraft in which
the proportion of airplane drag assignable to skin friction may be very high,



the problem of predicting the effects of surface roughness takes on added sig-
nificance. It thus becomes desirable to predict the effects of changes in Mach
number on the characteristics of the sublayer. Unfortunately, sufficient reli-
able experimental data are not available for derivation of trends, and recourse
must be made to theory. In this paper some of the trends in laminar sublayer
characteristics with changes in Mach number and heat transfer are investigated
theoretically; particularly those in the supersonic-speed range.

SYMBOLS

A,B constants involved in approximation of variation of viscosity of air
with temperature by a straight line

a speed of sound
C constant of integration
Cp specific heat of air at constant pressure
d exponent involved in approximation of variation of viscosity of air with

temperature by a power function, and based on wall temperature unless

otherwise specified
K constant involved in approximation of variation of viscosity of air with

temperature by a power function
P static pressure
R perfect gas constant

Peglico
Reyg free-stream Reynolds number per foot,
- 00
S Sutherland gas constant
T absolute temperature, ©R
u velocity parallel to surface
Tw
v* friction velocity, —
pW

X longitudinal distance along surface
y vertical distance from surface
81, thickness of laminar sublayer



A mean free path of air

M recovery factor, EEE—::EE
Ty - Ty
M absolute viscosity of air
v kinematic viscosity of air
p mass density of air
T shear stress
Subscripts:
a viscosity-temperature relationship based on matching Sutherland curve

at both free-stream and wall temperatures

aw adiabatic wall

L edge of laminar sublayer

t total or stagnation conditions
w wall

00 free stream

Dimensionless parameters:

T
Ce local skin-friction coefficient, ¥ .
2 P
M Mach number, u or 2
\fyRT a
Ry Reynolds number based on free-stream conditions and distance x,
P ooX
Ho
ut velocity parameter, -
v
+ : v*
Yy wall distance parameter, o y
W

I



T

a compressibility parameter, —Y
2epTypy,
B heat-transfer parameter defined by equation (18)
p! modified heat-transfer parameter defined by equation (A2)
Y ratio of specific heat at constant pressure to specific heat at

constant volume
ANALYSIS

Basic Differential Equation

For the purposes of this analysis, the turbulent boundary layer in a com-
pressible flow i1s assumed to consist of a laminar sublayer and an outer portion
with a logarithmic nondimensional velocity distribution. (See fig. 1.) The
buffer layer that exists between the two parts of the boundary layer is neglected
because there is insufficient information, either theoretical or experimental,
to formulate a reliable analysis for this part of the boundary layer in compres-
sible flow. Disregard of the buffer layer will, of course, make the calculation
of some finite quantities such as the laminar sublayer thickness somewhat ques-
tionable but should not have any significant influence on the trends which are
actually the primary concern of this investigation. Additional assumptions are
made that the thermal boundary layer is equal in thickness to the velocity
boundary layer and that the logarithmic portion of the nondimensional velocity
distribution is not affected by changes in Mach number or heat transfer. A
study of a large number of supersonic turbulent-boundary-layer profiles indicates
the postulate regarding Mach number effect to be a reasonable assumption. (See
ref. 2, for example.) TFor the case of heat transfer, the meager experimental
data imply that this assumption probably is not valid. (See ref. 3.) Finally,
dissociation effects are neglected and it is assumed that the sublayer is in
the continuum-flow regime.

For the flow within the laminar sublayer the viscous shear stress is glven
by

T=ug-3 (1)

This equation is made nondimensional by the use of the following quantities:

= (2)



(3)

p
v = X (&)
Substitution of equations (2) to (4) into equation (1) yields

+
T=TW“1<1L+ (5)
v dy

Because the laminar sublayer is generally very thin, the shear stress T 1is
assumed to be constant and equal to T, the shear at the wall. Hence,

u dut
Ty = Ty — —
Hyw dy+
or
dy*t = 2 au* (6)
My

Equation (6) is the basic differential equation which must be solved to obtain
the sublayer characteristics.

Conversion of Viscosity Ratio

Viscosity is a function of temperature and can be represented, as will be
shown subsequently, by an equation of the form

o= xrd (7)

where K 1s some constant and d is an exponent that describes the variation
of viscosity of air with temperature. The exponent d 1is assumed to be a con-
stant for the calculation of the laminar sublayer characteristics at any Mach
number or heat-transfer rate, but its value is chosen either on the basis of
the temperature at the wall, or on the basis of both the free-stream static
temperature and the wall temperature. The value of d +thus will vary with
Mach number even for the case of zero heat transfer. The viscosity ratio in
equation (6) can now be expressed as



o T d
e (@;) ©)

The temperature ratio T/Tw is related to the nondimensional velocity ut
by means of the quadratic temperature-velocity relation.

2
EL _ EE + Taw - Tw u Taw - Tw u (9)
T, T T U Ty Yoo

Although this temperature-velocity relationship can be strictly applied only to
a laminar boundary layer, it should also apply to the first order to the tur-
bulent boundary layer and will certainly be an improvement over the assumption
of a Prandtl number of 1 for the purposes of this analysis. A similar approach
has been used in reference 4 for the calculation of the turbulent boundary-layer
characteristics.

In essence, equation (9) introduces a variable stagnation temperature
within the boundary layer. At the wall the stagnation temperature becomes equal
to the local wall temperature, which is a function of both the amount of heat
transfer involved and the assumed Prandtl number. The Prandtl number effects
within the boundary layer are accounted for by a parabolic increase in local
stagnation temperature as a function of local velocity, from the adiabatic value
at the wall T, to the free-stream value Ty at the outer edge of the boundary

layer. The effects of heat transfer on the stagnation temperature diminish lin-
early with increase in local velocity from the increment in wall temperature
caused by heat transfer T,y - Ty, to zero at the edge of the boundary layer.

With the use of the definition of the recovery factor

Taw - Tao

P (10)
and of the well-known relationship
-1.,2
Taw = Tm<1 +n, L= Mm> (11)
equation (9) is reduced to
T _ T T y -1 .,.2ju y -1 .2fu 2
W \Y - -
— =2+ |1 - = + — - — 12
Too Too < Too T]r ) Mco U, TlI' 2 Moo (,le) ( )



Multiplication of both sides of equation (12) by To/Ty leads to

2
T T -1.,2 u 7 -1,2Tefu
T o1+ |2=(14q 21 | —=fa 1
. Tof1 22 R R (13)
With the aid of the defining equations (2) and (4), the definitions

M= (1k4)

PIe

a EW (15)

the thermal equation of state
% = RT (16)

and the assumption that the static pressure p 1s constant through the boundary
layer, equation (13) is converted to the nondimensional form:

2
T _34 put - 'r|ra.u+ (17)
Ty

where B 1is defined as the heat-transfer parameter

[ Tw|T y-1_,2
a W
=\ |— i1 + -1 18
B y -1 - T Tw( Nr 5 M, > ( )
2

and a as the compressibility or friction-heating parameter

T

v (19)

a =
2cpTWpW

Substitution of equations (8) and (17) into equation (6) results in the
nondimensional differential equation

d
2
. dy*t = (l + put - nrccu"' ) dut (20)



Conversion of Parameters o and B

The compressibility and heat-transfer parameters o« and B can be put
into a more convenient form for calculation and for a simpler physical inter-
pretation. The local skin-friction coefficient is defined as

-l—"— (21)
5 Dwume

CfE

Substitution of equation (21) into equation (19) yields with the use of the
thermal equation of state (eq. (16)) and the fact that the static pressure
through the boundary layer is constant:

Cr P
2 Fo
= Ux” 52 2
oo 2 Py _Cr 1wt (22)
2epTy 2 2cp T

From the theorem of conservation of energy

2

cpTy + Eg— = cpTy (23)
By transposition
2 T
‘;_e; = ecp<T_t - > (2k)
00 0o

Substitution of equation (24) into equation (22) and the fact that

T -1
=1+ = wn? (25)
yields
Cey -1 p OfMs
*T T T2 TS (26)

for y = 1.4,

The heat-transfer parameter B 1is converted to a more useful form by sub-
stituting equation (26) into equation (18). This substitution yields:

Ce Tw|T -
B:‘/?frr_w?‘2<1+nr72le2>-l ‘ (27)
| W




or, i1f one prefers to use the adiabatic wall temperature directly instead of a

recovery factor .
C T
B = _E.TK _av _ 3 (28)
2 Te\Ty

In equations (27) and (28), B 1is no longer a function of the compressibility
or the frictional-heating parameter «; however, B remains dependent upon
compressibility effects because of their influence on Cp and Tgy.

Sublayer Velocity Distribution

The velocity distributions in gquestion are obtained by the integration of
equation (20). This equation cannot be integrated directly for values of d
which are of interest inasmuch as 4 is generally larger than 1/2 but less
than 1 (as will be shown subsequently). For integration of equation (20) in
its general form for 1/2 < d < 1, recourse must be made to numerical integra-
tion of

ut 5 d
yt = L/\ (l + put - nuaut ) dut (29)
0

For the case where the heat-transfer parameter B is zero, equation (29)
reduces to

+

u a
yt = \/ﬁ (l - nrau+2> dut (30)
0

An expression for the nondimensional velocity distribution within the laminar
sublayer can now be obtained for the zero heat-transfer condition from equa-

tion (30) by expanding the term
d
(l - nrau+2>

in a binomial series so that equation (30) becomes

L2 o A - 1)111,2<1.211+LL a(d - 1)(a - 2)nr3a5u+6
* 1.2 ) 1.2.53 *

dy*t = |1 - % Nyou

+ ('l)n ZE——gi;T;T nrnapu+2n-du+ (51)



where the series will converge for

neautc| £ 1

Integration of this series expression results in

3 o) 7
N Ln 2o’ d(a - 1)(d - 2)ndadut’
1.3 1.2 .5 1.2.3.7
+ (-1)® al napu+2n+l (32)

(& - n)!n!(2n - i) T

2 <1

npau’t

The use of ut = 0 when y*t = 0 shows that the constant of integration in
equation (32) is zero.

With the elimination of compressibility effects by making o = 0O but with
the retention of heat-transfer effects equation (29) is converted to

ut
vt = [+ pur)da (53)
0
where B 1s now given by
Cf Ty /T
= \|ZL WfZw _ 3
- R (o1

Equation (33) can be integrated for any value of d to give

‘o (1 + Bu+)d+}

B(d + 1)

+C (35)

For yt =0 and ut = 0 the constant is found to be

1

C="3@+D

Equation (35) becomes

10



yt = E(Ej:—IY[El + Bu+)d+l - %] (36)

For o and B both zero, equation (20) reduces to
dy* = au* (37)
and equations (32) and (35) reduce to

= ot (38)

Yy

Equations (37) and (38) are the conventional expressions for the nondimensional
velocity distributions within the laminar sublayer in incompressible flow with
zero heat transfer.

For a Prandtl number of 1 the recovery factor is 1 and the appropriate
equations can be simplified accordingly.

Sublayer Thickness

For the calculation of sublayer thicknesses, equation (3) is utilized:

8L=yL=yL = = (59)

With the aid of equations (4) and (21), equation (39) is converted to

+
¥ M | T
5L=_L__w W (40)
Cp Mol T
V| of
Ree\[ 2
With the use of the Sutherland equation

3/2
=-(5) (&

where S 1is the Sutherland constant, equation (40) is converted to

11

s



S
+ 2/1 + =2
&7 = IL /Tw Too
L = Zy (42)
C;\?’\T"o ?E + S
Ree\| 5 To To

where all quantities, exclusive of yL+, are known or may be readily calculated

from known flight conditions. Sutherland equation is used as a substitute for
the viscosity ratio in equation (40) rather than one of the approximate
temperature-viscosity relationships, because the corresponding temperature
ratios are known exactly and no approximate temperature-viscosity relationships
are involved in deriving the equation. Greater accuracy is thus preserved.

For incompressible flow and zero heat transfer, equation (42) reduces to the
conventional form

Y +
iy
e\

It should be noted that most of the variables in equation (42) are inter-
related and cannot be varied independently of one another. For example, if
Regs Ty/Tw, and Cp are specified, the value of yL+ is fixed. The form of

equations (42) and (43) therefore may not necessarily be the most reliable guide
as to how a change in any one variable will affect &j,. Because of the form of

the equations for the laminar sublayer and also for the outer-velocity distri-
bution, it is not feasible to obtain explicit analytical expressions for YL+

(or uL+>. Values of this parameter must be obtained from plots as will be

illustrated subsequently.

Ratio of Sublayer Thickness to Molecular Mean Free Path

From reference 5 the mean free path of a gas is given by

A= 1.255 Z\7 ¢

and the sublayer thickness as given previously (eq. (39))

12



The ratio of molecular mean free path to sublayer thickness is

1.255 &
A LB ely (45)

If the mean free paths are to be calculated on the basis of conditions at the
wall, then

o
I

ay = |/ 7RTy
(46)

Substitution of equations (4), (21), and (46) into equation (45) yields, with
the use of

Mo (47)

|

o
8

and the thermal equation of state, the equation

\/Cf
Mo 1.255 \[ 7Mw = (18)
yL+

81,

for the case with or without heat transfer. For a mean free path based on con-
ditions existing at the outer edge of the sublayer, the given values are

aL = \’7’RTL

V=VL

o
I

(49)

With the use of the thermal equation of state, the fact that static pressure is
constant through the boundary layer and equation (17), the density ratio pL/pw
can be expressed as

Lo (50)

13



Similarly, from equations (8) and (17), the viscosity ratio for the edge of the
sublayer becomes

— = (1 + pupt - meaug, (51)
My

Substitution of equations (4), (21), (49), (50), and (51) into equation (45)
results in

o\d+1/2 G
5L y]'_,+

RESULTS AND DISCUSSION

Determination of the Exponent da

For the calculation of the characteristics of the laminar sublayer, it is,
of course, desirable to choose the value of the exponent d which provides the
best possible representation of the actual variation of viscosity with temper-
ature through the sublayer. The correct variation of viscosity with temperature
is given by the Sutherland equation

3/2
o8 T IIloo + S
Heo (5:) ( T + s) (53)

where S is the Sutherland constant and is approximately 198.6 for air (ref. 6).
The solid-line curves of figure 2 show the values of p/um corresponding to the

temperature ratios T/T, encountered within the boundary layer for a Mach num-
ber of 3 or 9 with zero heat transfer. The value of T, of 392° R corresponds

to the static temperature at an altitude of about 70,000 feet. TIncluded in
each of the figures are four approximations to the Sutherland equation. Two
of these approximations are of the power form

uo_(x\
My Ty
given as equation (8) and two are straight-line approximations of the form

v T
= = A = B L
My Ty * (54)

1k
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For each type of approximation, the exponents and/or constants were chosen to
provide an approximation tangent to the Sutherland curve at the wall temperature
ratio (denoted by the subscript w) or to provide an approximation which inter-
sected the Sutherland curve at both wall and free-gstream temperature ratios
(denoted by the subscript a).

Comparison of the four approximations with the Sutherland curve at both
Mach numbers indicates that the best representation of the variation of viscos-
ity with temperature through the laminar sublayer (i.e., the inner portion of
the complete turbulent boundary layer) is given by the power form where d is
chosen to provide tangency to the Sutherland curve at the wall temperature ratio.
This method of determining d is used throughout this paper.

The variation of the value of the exponent d with the Mach number is of
interest and is shown in figure 3. The calculations apply to an altitude of
70,000 feet and zero heat transfer. The solid curve is for 4 determined for
tangency to the Sutherland curve at a wall temperature equal to free-stream
stagnation temperature. The dashed curve is for d similarly determined, but
at an adiabatic wall temperature based on a recovery factor of 0.89.

The curves of figure 3 show that, for the Mach number range investigated,
d varies from about 0.84% to 0.53 and decreases as M, increases. The value
of d 1is only slightly affected by changing the wall temperature from a free-
stream stagnation temperature to an adiabatic wall temperature based on a
recovery factor of 0.89.

Inasmuch as it is desirable to have the best match of the boundary-layer
viscosity characteristics near the wall, for the case with heat transfer, d
should again be based on the wall temperature. 1In general, for flights at super-
sonic speeds a considerable amount of boundary-layer cooling will usually be
involved and the value of the exponent d will be higher than that indicated
for the zero-heat-transfer case in figure 3, but generally lower than that for
the zeroc-heat-transfer value at M, = O.

Sublayer Velocity Distributions

Some typical changes in the sublayer nondimensional velocity distributions
arising from compressibility and heat-transfer effects are presented in figure 4
for Mach numbers of 3, 6, and 9. TFor the heat-transfer case it was assumed that
above M, = 3, the surface temperature would be maintained at the level existing

at M, = 3 without any heat transfer. No calculations were made for the case

with boundary-layer heating inasmuch as it is not considered to be a practical
condition for even moderate supersonic speeds. Reynolds numbers Ry of 1 X 106

10 x 106,,and 100 x 106 were employed in the calculations. The required values
of o and B were obtained with the use of the Sommer and Short T' method
for estimating the local skin-friction coefficients (ref. 7). The variation of
a@ over the Mach number range from O to 9 for zero heat transfer and for the
heat-transfer conditions previously described is shown in figure 5. The loga-
rithmic outer velocity distribution was assumed to be given by (as in ref. 2)

15



ut = 5.75 log yt + 5.10 (55)

In all instances, the sublayer curves of figure 4 were obtained by the
numerical integration of equation (29), the value of d being chosen to match
the appropriate wall temperature. Some additional calculations were made with
the use of equation (32) and with the use of an integral form of equation (6)
coupled with the Sutherland expression (eq. (41)) for the viscosity ratio. The
results of these calculations indicated that the convergence of equation (32)
was sufficiently rapid that three terms at moderate or low supersonic Mach num-
bers, or four terms at higher values would provide results with negligible error
compared with those using a larger number of terms. The calculations using
equation (32) and the Sutherland distribution for viscosity through the boundary
layer indicated an error of considerably less than 2 percent for the most crit-
ical case, M, =9, with Ry = 106. Numerical integration of equation (29)
yields results with errors smaller than those quoted for use of equation (32).

For the case with zero heat transfer the curves of figure 4 indicate that
the effect of compressibility or of an increasing Mach number is to rotate the
curves counterclockwise. Thus, the velocities are shifted to higher values of

ut at constant yt or to lower values of yt at constant ut as Mo

increases. This effect is smallest at the lowest Mach number (M = 3) and
greatest at the highest Mach number (M, = 9); in addition, the effect is least

at the highest Reynolds number (Rx = 100 X 106) where the local skin-friection
coefficients are lowest and greatest at the lowest values (Ry = 1 X 100) where

the local skin-friction coefficients are highest. In general, the effect of
compressibility on the intersection point of the laminar sublayer with the log-
arithmic outer velocity curve can be significant but not extreme, the maximum
change (at My = 9 and Ry = 1 X 106) being on the order of 5 percent in ut
and 9 percent in y+t from the incompressible-flow case. A check was also made
to determine whether the use of a Prandtl number of 1 instead of 0.705 would have
any effect. The effects (not shown) on the curves of ut as a function of y+
were to increase slightly the effects of compressibility or Mach number. Most
of the effects were derived from the use of the recovery factor in the pertinent
equation, practically no effect being derived from the change in 4 from adia-
batic wall temperature to free-stream stagnation temperature.

The effect of boundary-layer cooling to the contrary (figs. 4(b) and 4(c))
was to rotate the sublayer velocity distribution curves in a clockwise direction.
Because of the large amount of cooling assumed at M, = 9, the greatest changes
occurred at this Mach number. At both M, = 6 and M, = 9, the greatest change
also occurred at the lowest Reynolds number and the least at the highest. The
assumption that the wall temperature for the heat-transfer case is always equal
to the adiabatic wall temperature at My = 3 (for M, > 3) insures that the
wall temperature at M, = 6 and 9 is above the free-stream static temperature.
Thus the fact that for these heat-transfer conditions, the sublayer velocity
distributions are rotated clockwise relative to the incompressible-flow zero-
heat-transfer reference curve shows that within the framework of the present

16



theory, boundary-layer cooling will have a stronger effect on the sublayer char-
acteristics than an equal amount of frictional heating. This result stems
directly from the assumptions of a linear variation of boundary-layer stagnation
temperature with velocity for the case of heat transfer and a parabolic varia-
tion for the case of the Prandtl number effects. TFor the worst case considered
(Mo =9 and Ry = 106), the increases in urt and yL+ due to cooling were on

the order of 15 percent and 90 percent, from the reference value of each at the
same Reynolds numbers without cooling, and on the order of 10 percent and 60 per-
cent from the reference value for the incompressible-flow zero-heat-transfer
conditions.

A comparison of theory with experiment for the case where the combined
effects of compressibility (frictional heating) and boundary-layer heat transfer
would have a substantial influence on the sublayer nondimensional velocity dis-
tributions was not feasible owing to a lack of reliable experimental data for
such conditions. A comparison of theory and experiment data of reference 8 at
a Mach number of 9 is made in figure 6 which indicates reasonably good agreement.
According to the theory, however, for the basic set of conditions prevailing in
the tests under consideration, the effects of boundary-layer cooling approxi-
mately cancel the effects of frictional heating. Consequently, the theoretical
curve for the velocity distributions varies only slightly from the incompressible
zero-heat-transfer curve ut = y*. This tendency may be true in a rather broad
range of practical operating conditions. An interesting feature to note in the
experimental results is that there appears to be only a small buffer layer in
the plots of the variation of ut with yt at M, = 9. Because of the
shrinking of the complete boundary layer in terms of y+ as M, is increased,

this conclusion may not necessarily extend to the dimensions of the buffer layer
in terms of the physical coordinate Y.

Sublayer Thickness

The sublayer characteristic of greatest significance to the aerodynamicist
is its thickness. Results of some calculations made to investigate the effects
of compressibility (frictional heating) and boundary-layer cooling on this
thickness &, are presented in figures 7 and 8. Figure 7 illustrates the
effects of Mach number. For this set of calculations a constant lengthwise sta-
tion had to be specified (see eq. (42)) in order to make valid comparisons; a
length x of 10 feet was chosen. Figure 8 shows the variation of sublayer
thickness with surface distance. Required values of yL+ for both sets of cal-

culations were obtained from the intersection of the laminar sublayer curves
with the outer logarithmic velocity distributions in plots similar to figure k.

The data of figure 7 indicate that at constant Rpy and zero heat transfer,
there is a very rapid increase in &1, with My, the rise from M, = 0 to

My = 9 Dbeing nearly a couple orders of magnitude. Most of this increase in 98y,
with M, 1is due to the large decrease in density in the boundary layer close to

the surface and only a minor part is due to the change in sublayer velocity pro-
file and, hence, the change in yL+. There is also a large increase in 8y as

17



Rpt 1s decreased at constant My; this increase illustrates the strong influ-

ence that altitude will have.

The large increases in &y, indicated for the highest Mach numbers at zero
heat transfer cannot be realized in practical situations because of surface
cooling requirements. For the case with heat transfer, where for M, > 3 the
surface temperature is cooled to the adiabatic wall temperature existing at
Mo, = 3, the increase in &j, will be reduced to a factor of about 2 between
Mo =3 and My = 9. (See dashed lines in fig. 7.) For the heat-transfer case
the increment in 8, due to change in Rpy 1s approximately the same as that

for the adiabatic wall case.

For an airplane in flight Ret will not always, or even generally, remain

constant as its speed increases. Consequently, some calculations were made for
the case where an airplane flies at a constant altitude of 70,000 with Rsey

variable as M, increases. The same set of zero-heat-transfer and boundary-

layer cooling conditions were used as in the constant Ryt case. A comparison

of these results (short-dashed and dot-dashed curves in fig. 7) with those for
constant Ryt 1indicates that the rate of growth of &y, with M, is curtailed

for the constant-altitude case. TIn fact, for the constant-altitude case with
boundary-layer cooling, the sublayer thickness actually decreased with Mach num-
ber over part of the range and the overall variation was very small.

The variaticn in 81, with surface distance at zero heat transfer

(fig. 8(a)) is very small, being approximately a power function with the expo-
nent varying from about 1/12 at the low Mach number and high Reynolds number per
foot case to about 1/9 at the high Mach number, low Reynolds number per foot
case. For the thinnest sublayer (Mo = 3, Ret = 10 x 100), the increase in By,
from x = 1 foot to x = 100 feet is about 40 percent. For the thickest sub-
layer (Mo = 9, Ret = 1 x 106), the increase over the same distance is still
only about 70 percent. The changes in ©p, due to changes in Rpy are, of
course, very large and again emphasize the strong role that altitude will play
in determining sublayer characteristics in actual flight applications. The
effect of boundary-layer cooling (fig. 8(b)) is to reduce sharply the sublayer
thickness relative to the zero heat-transfer case and to decrease somewhat the
variation of & with x.

Relation of Sublayer Thickness to Molecular Mean Free Path

One of the basic assumptions made in this investigation was that the sub-
layer was in the continuum-~flow regime. TInasmuch as some of the sublayers that
were calculated are very thin and the density near the surface very low at the
higher Mach numbers, some calculations to check the validity of this assumption
appear to be desirable. Results of calculations to determine the variation of
the ratio K/SL with My, for some of the same conditions for which 81, was

computed in figure 7 are presented in figure 9. Results of calculations to
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determine the variation of A/8p, with x are presented in figure 10. The

latter calculations were limited to the extreme case M, = 9 with zero heat
transfer. In all instances the calculations were made for the molecular mean

free path based on both wall conditions and conditions existing at the outer
edge of the sublayer (eqs. (48) and (52)).

The most significant indications of the results presented in figures 9
and 10 are that the ratio A/8[, increases with M, both for the case with zero
heat transfer (fig. 9(a)) and with boundary-layer cooling (fig. 9(b)) and that
there are no unexpected variations of A/ with x (fig. 10). On the basis

that the ratio of molecular mean free path to sublayer thickness is approximately
0.01 for the onset of slip flow, it appears that the laminar sublayer lies in

the continuum-flow regime up to a Mach number of 3, but is in the slip-flow
regime at Mach numbers greater than M, = 3. This conclusion applies whether

or not there is any boundary-layer heat transfer.

Effect of Buffer Layer

The present analysis of the laminar sublayer in compressible flow is based
on the assumption that there is no buffer layer. 1In actuality, there is a tran-
sitional or buffer region between what might be called the true or viscosity-
dominated sublayer and the outer boundary layer of turbulent flow where viscos-
ity plays a minor roll. (See fig. 1.) The true sublayer where viscosity effects
predominate and where flow disturbances are strongly damped is thus restricted
to a region considerably thinner than the ones calculated in this investigation.
It is precisely this thinner inner region of high viscous damping that is of
particular interest as regards surface roughness, and, thus, it becomes desir-
able to speculate as to the effects of including the buffer layer in the analy-
sis of the characteristics of this so-called true laminar sublayer.

First, of course, is the fact that the true laminar sublayer is thinner
than the sublayers calculated theoretically. As Mach numbers approach zero,
the true sublayer is about one-third or one-fourth of that indicated by theory
(ref. 1, p. 405). At higher Mach numbers, particularly for conditions of
boundary-layer cooling, this ratio is apparently considerably higher (ref. 8
and fig. 7). In any event, the values of ur*¥ and yL+ for the true sublayer

will be smaller than those for the theoretical sublayer, and the calculated com-
pressibility and heat-transfer effects are restricted to the inner part of the
theoretical sublayer. In this part of the sublayer, the effects on the sublayer
nondimensional velocity distributions are smaller than the effects further out.
As M, 1increases, the apparent increase in true sublayer thickness relative to
the theoretical value tends to show more of the increased compressibility and
heat-transfer effects on the sublayer velocity characteristics calculated for
the outer part of the theoretical sublayer. This trend exaggerates the effects
of Mach number and tends to compensate for the decrease in Mach number effects
resulting from inclusion of the buffer layer.

The true laminar sublayer thickness &, will, of course, be smaller than
that predicted by a theory which does not include consideration of a buffer
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layer. Because 81, is primarily dependent upon the surface-temperature ratio
Tw/Tw &t constant Ry (yL+ in eq. (42) varies only slowly with Ty/T, and

My ), the relative effects of compressibility and heat transfer on the true sub-
layer thickness will decrease only slightly with the inclusion of a buffer layer
in the analysis. Indeed, the experimental results presented in references 9 and
10 for critical Reynolds number or critical roughness height for which drag due
to surface roughness first appears for three-dimensional surface roughness, were
analyzed on the basis of the existing wall-temperature ratios, the neglect of
compressibility effects on yp+, and the omission of the buffer layer; and the

analysis was in good agreement with experiment. This result presents a simpli-
fied but useful method for approximating the relative effects of Mach number and
heat transfer on the true laminar sublayer thickness ratio for practical appli-
cations except possibly in the high Mach number range where the increase in
(BL)true to  (8L)theoretical MaY increase substantially over the low-speed

ratio.

Finally, the fact that the true laminar sublayer is smaller in thickness
than the laminar sublayer dealt with in this investigation increases the ratio
A/81, and forces the true sublayer further into the slip-flow regime even at the

lower supersonic speeds. Thus it may be possible that over most of the super-
sonic speed range, surface-roughness effects may be dependent more upon slip-
flow effects than upon viscous damping.

CONCLUSIONS

An analytical investigation has been made of the effects of compressibllity
and heat transfer on the characteristics of the laminar sublayer. The theoreti-
cal model consisted of a turbulent boundary layer with a logarithmic nondimen-
sional outer velocity distribution that was not affected by compressibility or
heat-transfer effects and a laminar sublayer that was influenced by these

parameters.

The analysis indicates that at zero heat transfer an increase in Mach num-
ber causes an increase in sublayer nondimensional veloclities and a rapid increase
in sublayer thickness. This effect is largest where the local skin-friction
coefficient 1s highest, whether from nearness to the origin of the turbulent
boundary layer or from low free-stream Reynolds number per foot. Boundary-layer
cooling has a strong effect opposite to that of increasing Mach number. It
appears that the laminar sublayer may lie in the slip-flow regime for a wide
range of supersonic Mach numbers.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., August 4, 196k4.
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APPENDIX
CHARTS FOR ESTIMATION OF LAMINAR SUBLAYER THICKNESS

If both sides of the laminar sublayer equation (29) are multiplied by \ﬁ;

and if it is noted that the definition of B 1in equation (18) already incor-
porates this term, the ensuing equation can be written as

ut\/a d
e [ et w

where the modified heat-transfer parameter p' is defined as

| 1 Tw|T -
B! = = _—_El<l+nr721Mw2>-l (A2)

B
7 - 1 Too Too
Vo . M2

Now it is possible to make charts of y*\Ja as a function of u+\F§ with the

modified heat-transfer parameter B' and the viscosity exponent 4 as
parameters.

In order to simplify the calculation of the laminar sublayer thickness
81, = f(yL+), it is necessary to transform the expression for the logarithmic

outer part of the turbulent boundary layer (eq. (55)) to the same basic vari-
ables and present these curves on the same charts. Multiplication of both sides

of equation (55) by VT; and conversion of y+ to yt\a yields

u+\/?x,‘= 5.75\/E(log vyh\Ja - log \/E) +5.10\(a (A3)

In terms of the variables ut\(a and y+vﬁi, this equation must be plotted

with a as a parameter.

Finally, it is desirable to establish a simple relation for the determina-
tion of the exponent d 1in terms of wall temperature. This result is achieved
by the logarithmic differentiation of the Sutherland equation expressed in the
form

- 2
2.270 x 10 8TW5/

Ho= T+ 5 (Ak)
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with respect to the wall temperature T, to yield

where S, the Sutherland constant, is taken as approximately 198.6 for air.

Estimation charts based on the laminar sublayer and the outer logarithmic
velocity-distribution equations (eqs. (Al) and (A3)) are presented in figure 11.
In the figure ut\fa is plotted as a function of y+\F§ with pB' as the param-
eter for the sublayer curves, VET as the parameter for the outer logarithmic
portion of the boundary layer, with d held constant. Each part of the figure
is for a different value of d. The range in B' 1is from O to 2.5 in increments
of 0.5 and covers most of the boundary-layer cooling conditions that might actu-
ally be experienced. No calculations were made for the boundary-layer-heating
cases. The range for 4 was from 0.5 to 0.9 in Increments of 0.1 and again
covers most of the conditions that will be actually encountered in flight. The
value of d for the known flight conditions can readily be established from
figure 13, which is based on equation (A5).

In order to utilize the charts, it is first necessary to determine V?Z
by the use of equation (26), where Csy 1is determined by some appropriate theory

for the flight conditions of interest. Next the value of the modified heat-
transfer parameter B' must be established with the aid of equation (A2). With
the use of these parameters, it is possible to interpolate the corresponding
values of ur*t\fa and yp*\/a on the charts for each value of 4 above and

below the flight value of d established in figure 12. A linear interpolation
of these values to the flight value of d will usually suffice. For greater

accuracy the values of uL+ a and yL+\fE can be interpolated over the full
range of d and a plot made and faired from which the flight values can be
established very accurately.

If a plot of the sublayer nondimensional velocity distribution is desired,
a curve must be passed through uL+ a and yL+ a on each chart parallel to

the neighboring p' = constant curves. A set of uL+ a values ranging over
the complete laminar sublayer is chosen and the corresponding y+\/a values are
determined from this curve. These u+\ﬁ; and y+\ﬂ; values are corrected for

the proper flight value of d Jjust as the values of uL+ a and yL+ a were.

Division of u+\fa and y+\/a by \/a will provide the desired parameters
+ +
ut™ and yT.
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